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Ph' Abstract 

I We show that the complex Radon transform reahzes an isomorphism between the quotient-space 

■ of residual 9-cohomologies of a locally complete intersection algebraic subvariety in a linearly con- 

I cave domain of CP" and the space of holomorphic solutions of the associated homogeneous system of 

differential equations with constant coefficients in the dual domain in (CP")*. 
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1 Introduction. 



In this article we consider two related problems: the first one is the description of infinite- 
dimensional spaces of 9-cohomologies of subvarieties in linearly concave domains of CP" in 
^ ! terms of inverse Radon transform of the spaces of holomorphic solutions of associated systems 

' of differential equations in dual domains, and the second one is the realization of the spaces of 

^ ■ holomorphic solutions of systems of linear differential equations in convex domains by Radon 

Tj- . transforms of (9-cohomologies of associated subvarieties in dual domains. 

! The study of these problems was started by Martineau in UMarll . [|Mar2ll and was continued in 

; the papers llGHll . (IhFTTI . M, llHeH . [lHe2l . llDScll . The main result of Martineau in [ImEU was 

interpreted in UGHII as the existence of an isomorphism defined by the complex Radon transform 
between the space of {n, n — 1) 9-cohomologies of a linearly concave domain D C CP" and the 
space of holomorphic functions on the dual linearly convex domain D* C (CP")*. 

We begin by describing the result that was produced by the study of the problems mentioned 
above in HHPlLUHelB for the case of complex submanifolds in linearly concave domains in CP". 
Let (2:0, . . . , Zn) and (^0, • • • , ^n) be the homogeneous coordinates of points z E CP" and ^ G 

(CP")*. Let ■ z) = ^ ■ Zk, and let CP^""^ denote the hyperplane 

CP^"-i = {ze CP" : {^■z) = 0}. 

Following UMarlll and UGHII we call a domain D C CP" a linearly concave domain, if there 
exists a continuous family of hyperplanes CP"^^(2;) C D defined for z E D and satisfying 
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z E CP"'~^{z). We notice that in the original definition of linearly concave domains in UMarlH the 
continuity of the family was not required, but the main results of UMarlL [|Mar2ll . UGHL HHPlll . 
HHell are valid only under the assumption of existence of such family. 
The following theorem was obtained in HHelll . 

Theorem 1. Let D be a linearly concave domain in CP", n>2, and let D* C {CP^)*be the dual 
domain 

D* = {^e (CP")* : CP^""^ C D} . 
Let V be a {n — m) -dimensional connected algebraic manifold of the form 

V = {ze CP" : Pi{z) = ... = Pr{z) = 0} , 

where homogeneous polynomials Pi, . . . , P,. are such that everywhere on V 

rank [gradPi, . . . ,gradPr] = m. 

Let Vd = V f] D, let Z'^"~™'"~'""^)(Vd) denote the space of d -closed smooth forms on Vd of 
bidegree (n — m, n — m — 1), and let (D*) and H^^'^^ (D*) denote the spaces of holomorphic 
functions and respectively holomorphic 1 -forms on D*. 
Then the Radon transform 

defined by the formula 

\ 



3=0 



dij (1) 



j ■ dz)A Zj 

induces a continuous linear operator on the space of cohomologies 

Uv ■■ //("-'""-I) (Vo) H^^'°^ (D*) . 
The following properties are satisfied: 

(i) the subspace KerlZv C i7("~™'"~™~^)(VD) is finite-dimensional and consists of restrictions 
to Vd ofd-cohomologiesfrom 

(ii) the image of TZv the following subspace in (D*) 

= | / G (D*) : f = dg with g e (D*) such that jpfc (^-^^ ^ = o| | . (2) 

Remarks. 

• If C CP" is a smooth complete intersection, and D C CP" is a linearly concave domain, 
then in ( PHel l Theorem 5.1) an explicit inversion formula for Ry is obtained in the spirit of 
explicit fundamental principle of [ BPJ . 
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• For m = n — 1 the statement (i) of Theorem [T] is a corollary of the inverse Abel theorem 
(see Saint-Donat HSDI . Griffiths llGrl ). For m < n — 1 and V - complete intersection, the 
statement (i) of Theorem[T]is a consequence of Theorem 3.3 from HHPIL 

• In the statement (ii) of Theorem [H if G ^("-'n.n-m-i) ^y^-^ ^^^j^ ^j^^^ (j) = for 
tp E ^(n-m-i,n-m-i) (Yj^'j^ t^gn g is the image of under the map introduced by Andreotti 
and Norguet (see llANl . [O). 

The main result of this article is a natural generalization of Theorem [T]to the case of an arbitrary 
locally complete intersection in a linearly concave domain. In order to formulate this theorem we 
need to introduce some additional definitions and notations. 

Throughout the whole article we will denote by D C CP" a linearly concave domain and by 
G = CP" \ D its complement. We will also denote by Ds linearly concave subdomains of D with 
smooth boundaries bDs such that 

Ds C for u < 6, and [JDs = D. 

5 

The existence of a sequence of subdomains with the above properties is proved in Proposition [231 
We will denote by Gs = CP" \ Ds D G mdhy G = G \ bG. 

Definition 1.1. (Locally Complete Intersections) An analytic subvariety V C CP" is called a 
locally complete intersection subvariety in CP" of pure dimension n — m if there exist a finite 

open cover {Ua}a=i of CP"' and collections of holomorphic functions jPfc""*! in Ua, such that 

VnU^ = {zeUa: F'f\z) = ■■■ = F^iz) = o} (3) 

with the structure sheaf O jX, where O is the structure sheaf of CP", andX is the sheaf of ideals 
defined by polynomials {P^}^^. 

In our construction of 9-closed residual currents on a locally complete intersection variety V we 
will use a special vector bundle, the so-called conormal vector bundle. To describe this bundle 
we consider a domain U C CP", a finite cover {Ua}^^=i of U, and V C U - a locally complete 
intersection subvariety in U of pure dimension n — m, locally defined in Ua by the holomorphic 
vector function 



i.e. 

VnUa = {zeUa: f[°'\z) = ■■■ = F^iz) = o} . 

Definition 1.2. (Conormal and Dualizing Bundles) The conormal vector bundle A^(V") on a lo- 
cally complete intersection subvariety V is defined by the nondegenerate holomorphic transition 
matrices Aajs^z) G H {JJap) such that 

¥^'^\z)=Aap{z)-¥^^\z) (4) 



Fr\z) 



FtUz) 
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on Uap = Ua^Up. 

Following l \Groy and tlHaV we define the dualizing bundle on a locally complete intersection 
subvariety V as 

uj°y = ujcp^®deiN{Vy^ (5) 
where UjQpn IS the canonical bundle on CP". 

Remark. Adjunction formula (see Proposition 8.20 in Ch. II of nHaH ) shows that for a non- 
singular V the bundle defined in ^ coincides with the canonical bundle uy, implicitly used in 
Theorem [U making coy a natural generalization of the canonical bundle for locally complete inter- 
section sub varieties of CP". 

We define further the spaces of residual currents and of residual 9-cohomologies on Vo, where 
V C CP" is a locally complete intersection subvariety, and D a domain in CP". In what follows 
we denote by S the space of infinitely differentiable functions. 

Definition 1.3. (Residual Currents) For a subvariety V C CP" of the pure dimension n — m 
locally satisfying ^ we say that a (n, m + q) current (p with support in V is a residual current 
(j) e C'^^''^^ (VojWy) if there exists a finite collection of open neighborhoods {Ua C CP"}^^^ and 
differential forms $q, G S^'^''^\Ua H D), such that 



(0,^)=/ ^A<I>„A9 I — - 1 A---A9( — - ) = lim / ^^^%T, (6) 



[ = (det A^^y' ■ ^p + Zk=i ■ ^t^^ on U^nUpH D, 
where if) G s!P'^~^~'^\Ua H D) is a smooth form with compact support in Ua H D, 



is a family of tubular varieties depending on the real parameter t, the limit in the right-hand side 
is taken along an admissible path {efc(t)}™ in the sense of Coleff-Herrera-Lieberman l\CH\I . I \HL^ . 
i.e. an analytic map e : [0, 1] — t- R™ satisfying the conditions 

'limt^oem(t) = 0, 

hm = 0, for any I G Z, ^'^^ 

Aaj3 are holomorphic matrices from Q, and ^^^'^^ E £ {Ua r\ Ujs f] D). 

A residual current (j) G C^^'''^ iVD-iiOy) is called d-closed - (j) G Z^^''^^ (VojCUy), if the following 
condition is satisfied 

m 

d^a = Yl ■ ^1"^ on Ua n D, (8) 



k=l 



where ni"^ e£{UanD). 



Remarks. 
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Condition (|7]), though looking technical, can not be replaced by a simpler condition ej(t) — t- 
0, t — 7- 0, j = 1, . . . , m, as was shown by Passare and Tsikh in UPTH . 



Notation in the definition above is substantiated by the fact that the collection 

A 9 I 1 A ■ ■ ■ A 9 ^ 



naturally defines a current of type (0, q) on with coefficients in holomorphic bundle bjy 
defined in ([5]). 

Definition 1.4. (Residual B-cohomologies) A d-closed residual current cj) ^ Z^'^''^^ {Vd^ojy) is 
called d-exact (0 G i?*^"'^) (Vd, Wy)j if there exists a residual current ip G C^°''^~^)(Vd, i^y) such 
that dip = 0. 
Therefore 

an(i the spaces of residual d-cohomologies ofVo of the type (0, q): 
are well defined. 

Before defining the complex Radon transform we introduce an additional notation. We denote by 
Sv the following set of hyperplanes 

Sy = [^eD* : dime {V H CP^"^) ^ n - m ~ l] . 

Using the arguments similar to those in the proof of Bertini's theorem (see HHall ) we obtain that Sy 
is a subset of an analytic set in D* . 

In the definitions below we define the complex Radon transform of residual currents and the 
Fantappie transform of linear functional on (V, (9/X)'. 

Definition 1.5. (Complex Radon Transform) Let V C CP" be a locally complete intersection 
subvariety of pure dimension n — m. Then we define the Radon transform 

Uv : {Vd.ujv) ^ {D* \ Sy) 

on the space of d-closed residual currents by the formula (see Proposition \2.5\l 



n / N 



where {'&a}f is a partition of unity subordinate to a finite cover {Ua}f of D by open subdomains 
in CP", and the forms 

N 



k — 1 \ k / J (y=\ 



are the local representatives of the current 0. 
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Definition 1.6. (Fantappie Transform) Let V C CP"^ be a locally complete intersection subvariety, 
let G be a linearly convex compact in CP", and let X be the sheaf of ideals, associated with V. We 
define the Fantappie transform of a linear functional ^ G H^{G, O/I)' by the formula 

^yN(0 = E/^(^)rfO, (10) 

where D* = (CP" \ G)*. 

The theorem below is the main resuh of the present article. In this theorem we describe the action 
of the Fantappie and complex Radon transforms on the spaces of residual cohomologies of linearly 
concave locally complete intersection subvarieties of CP". 

Theorem 2. Let 

V = {ze CP" : Pi{z) = ■■■ = P,{z) = 0} (11) 

be a locally complete intersection subvariety of pure dimension {n — m) with the structure sheaf 
O/X, where X is the sheaf of ideals defined by homogeneous polynomials {Pfcjp r > m. Let 
D C CP" be a linearly concave domain, and let D* be its dual domain. 

Then transform TZy defined in ^ induces a continuous linear operator on the space of residual 
d -cohomologies 

and transform J-y defined in (fTOl) induces a continuous linear operator 



7y ■ H\G, O/xy ^ i7(i'°)(Z}*). 
Transforms TZy ^f^d Ty satisfy the following properties: 

(i) Ker J^v = {0}, KerTZy C {Vj^^ujy) is finite-dimensional and consists of restric- 



tions to Vd of classes of residual d-cohomologies from if(°'" "* (V, 



V)' 



(ii) the images of andlZy are the following subspaces in H^^'^\D*): 
Image Ty 

= |/ G if(i'°)(D*) ■.f = dg with g G H%D*) such that |p, ^7 = o| | , 

Image TZy = {f E Image Fy : f = Fy[ii], where fi{h) = Ofor'^h G (CP", O/X)} , 

(12) 

(Hi) ifV is connected in the sense that dimH^{V, O/X) = 1, then 

Image TZy = Image J-'y, 

(iv) for a functional fi G H^{G, O/X)' defined for h G H^{G, O/X) through the residual current 
= {$q} by the formula 

N 



/III, 
Mz)h{z)^^{z) /\d 
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the following equality holds 

^vM(e) = ^ -^vNlO- (13) 

Remarks. 

• The statements in (ii) of Theorem [2] can be interpreted as versions of the Ehrenpreis "funda- 
mental principle" for systems of partial differential equations (see 0, [|PT]| . [|G|) in terms of 
Fantappie and complex Radon transforms instead of Fourrier-Laplace transform. 

• If is an arbitrary, not necessarily reduced, complete intersection in CP" and £) is a linearly 
concave domain in CP", then in [IHP2II an explicit inversion formula for Radon transform TZy 
is obtained together with a formula for solutions of appropriate boundary value problem for 
the corresponding system of homogeneous differential equations with constant coefficients 
inD*. 

• For the case m = n—l the statement (i) of Theorem[2lfor Radon transform follows from the 
result of Fabre . 

• If \^ is a complete intersection in CP", then the property of V to be connected in the sense 
of (iii) is always satisfied (see Ex. 5.5 §111.5 in HHall ). 

• Theorem [2] admits a generalization for analytic subvarieties of a linearly concave domain 
D. If m < n — l, then an analytic subvariety V C D of D is a trace of an algebraic 
sub variety V C CP" (see E, HSiull ). and an appropriate version of Theorem [2] applies. If 
m = n — 1, then V C is a trace of an algebraic subvariety V C CP" if there exists a 
form G 2'^°'""™"^) (V, Wy), such that (p ^ almost everywhere on V and Ryi [(f)] = (see 

In section[2]we prove the correctness of definition 1 1.5 1 and some properties of TZy and J^y, and in 
sections [3] and Owe prove propositions representing different parts of Theorem|2l 



2 Properties of residual currents. 

In this section we describe some properties of residual currents used in the proof of Theorem [2] and 
prove some properties of the Radon transform defined by formula In the proposition below 
we describe the dependence of a local formula for a residual current on the choice of a basis of the 
ideal for the case of a complete intersection. 

Proposition 2.1. Let U G CP" be a domain in CP" and let V d U be a complete intersection 
subvariety of pure dimension n — m in U, defined by two different collections of holomorphic 
functions F = {Pfc}™ (^nd P = {P/t}^ such that 

F = A ■ P (14) 

where A{z) is a nondegenerate holomorphic matrix-function. 
Let {e(t)} be an admissible path, and let 

^{FlW = {z^U: |Pi(z)| = ei(t), . . . , \F^{z)\ = t^{t)} , 
Tfp. (t) = {zeU: |Pi(^)| = ei(t), . . . , |P^(^)| = e„(t)} , 
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be the corresponding tubular varieties. 
Then for an arbitrary 7 G "'\u) we have the following equality 

li-/ T^w%T = li-/ ^^tt^V}"^ - (15) 

Proof. In the proof of Proposition l2. ll we will use the following proposition describing the trans- 
formation of the Grothendieck's residue under the change of basis in the ideal for the case of 
isolated point in C". 

Proposition 2.2. (IWJ,l \GrHy } Let U e C be a neighborhood of the origin {0} G C" and let 

P = {Pi, . . . , Pn} and F = {Fi, . . . , F„} be two different collections of holomorphic functions on 
U having {0} as an isolated zero, and satisfying (fT4l) with a nondegenerate holomorphic matrix- 
function A{z) on U. 
Then for an arbitrary function h G £c{U) we have the following equality 



h{z) /• deiA{z)-h{z) 

lim / ™ — = im / -™ — ETT^- (16) 



□ 

To prove equality (fT5l) we use the fibered residual currents from [CH]. Namely, we consider a 
poly disk = {|2;j|<l, i = l,...,n}ct/ such that the restriction of the projection 

defined by the formula 7r{zi, . . . , Zn) = (zm+i, • • • , ^n), to V fl P is a finite proper covering. Then 
we use Theorem 1.8.3 from HCHII and obtain the existence of a holomorphic function g on such 
that dim {Vn {\g{z)\ = 0}} < n - m - 1, and 



where 



lim / T-rm^^ p . X = lim / res{p,^} (7, z) , (17) 



res|p,^}(7,z)= im / — -— - 



7(z^+i,. . . = 7 



-Pfc = Pk 



and 2; G V n 7r"i(2;^+i, . . . ,2;„). 
Applying Proposition l2.2l to the right-hand side of equality (flTI) we obtain equality (fT5l) . □ 

The next proposition is a reformulation of Theorem 1.7.6(2) from flCHL which will be used in 
the article. 

Proposition 2.3. Let U be a domain in C", and let 

V = {zeU: F,{z) = --- = FUz) = 0} 
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be a complete intersection in U.Ifa differential form $ G Sj^'^ ™^ (U) with compact support in 
U admits a representation 

m 

fe=i 

where forms ^ (^) have compact support in U, then 

□ 

In the proposition below we prove the existence of a family of smoothly bounded linearly con- 
cave domains approximating D. Existence of such family provides a convenient tool in many 
constructions of the present article. 

Proposition 2.4. Let a linearly concave domain D C CP" admit a continuos map rj : D ^ D* 
satisfying condition {r]{z) ■ z) = 0. Then there exist a sequence of real numbers {5n}i° such that 
> Smfor n < m and lim„_j.oo <^n = 0, and of smoothly bounded linearly concave domains 

Ds,,cD = {zeD:psAz)<0} (18) 

satisfying 

oo 

Ds„cDs^ form>n, and [jDs„=D. (19) 

n=l 

Proof. We construct a sequence of smoothly bounded linearly concave domains satisfying (fT9l) 
in two steps. On the first step we construct a family of domains exhausting D*. We consider 
the function p*(0 = dist{^, bD*) on D*, and averaging this function with the kernel -^'^(C) = 

\o if|CI>i, 

and C = (^i|^|<i e^/'^l^l^~^^(icj , obtain a smooth function 

on the set e D* : p*{^) > 6}. We define then for u < 6/2 

Dl, = {^eD*:p}{0>35-i^}. 

To see that 

{^eD*: > 45} C Dl, c{^eD*: p*(0 > 6} (20) 

for < 5/2 we use the inequality 



IpKO-p*(OI 



<5"'" / \p*{0-p*{0\K{^—^]dC= I \p*{^ + 6-u)-p*{0\K{u)du<6. 
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u\<l 
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Relation (l20l) shows that the family of domains D| exhausts domain D*. 
On the second step we consider the domain 

Wi = {^eD*:p*iO>5}, 

and apply a smoothing procedure, similar to the described above, to the continuous family of 
hyperplanes rj : D D* restricted to the domain r]^^ (^7)- For z in the domain 



{W*,) n u, = {ze (Ws*) : z, ^ 0} 



we define 



for 5' > small enough, and set 



where 



j=0 



and is a partition of unity subordinate to the cover {Uj} of CP". 

We notice that for every j E (0, . . . ,n) we have 



and therefore 



= 0, 



fc=0 



Zk ■ Vk,5' {z) = J2^k- [Y^ (z) ■ Vj,S' (z) 



k=0 



k=0 



d=0 



j=0 \ k=0 J 

Then we obtain a continuous and smooth in a neighborhood of i]^^ family of hyperplanes 

■r]s'{z) G D* such that z E rjs'iz) for 



zEv-'{^eD*:p*iO>S}- 



We define 



D's^^ = {zED: CP--\z) C D,*,} = {z E D : ps{z) 36 - u - p*s{vs'iz)) < o} , 

and applying the Sard's theorem find u' < 5/2 such that Ds = D'^^, has smooth boundary. 

Sequences {^n}^ and {-D^^}^ satisfying (fT9l) can be chosen as subsequences corresponding 
to an arbitrary sequence of decreasing 5„ tending to zero as n — )■ oo based on the exhaustion 
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property. To construct an "explicit" sequence {Ds„}'^ satisfying (fT9l ) we can choose for example 
the sequence = 5i/8"^^}^. The numbers S'^ can be chosen so that 

\plM^)) - P*sMz))\ < (21) 

and therefore \pl{vs'{z)) - p*(r/(z))| < for z E {i e D* : A5n > p*(0 > ^n}- 
The boundary of the domain 

DL.. = {zeD:36r,-u^- pl {vs'M < 0} 

will satisfy the condition p}^^ (r]s'^ {zj) = 35„ — z/„, and for z E bD'g^ ^^^^ we will have using (|2T|) 

^7 21 
^5„>p*(^(.))>-5„. 

Since < || we obtain that bD'^ „ fl 6Z^r „ = 0, and therefore the sequence Ds is 

16-8 16 0„,U„ On + ljUn + l T 

Strictly monotonous. □ 

In the next proposition we prove a useful boundary formula for the Radon transform. As a 
corollary of this formula we obtain that definition Q of the Radon transform TZy coincides with 
the standard definition of Radon transform for the case of a differential form on a nonsingular 
variety V. 

Proposition 2.5. Let D C CP" be a linearly concave domain, let {Ua}'^^i be a finite cover of 
D, let {'&a}a=i ^ partition of unity subordinate to the cover {Ua}a=i' ^nd let V C D be a 
locally complete intersection subvariety of pure dimension n — m, locally defined in Ua by the 

holomorphic functions |Pfc"^| 
Then for a d-closed residual current cj) defined locally by the differential forms 

and a subdomain Ds G D with smooth boundary bDs the following equality holds 



(^) 



Zj ■ ^^{z) 



Elim lim / i-^ryiz) 



where 



I a=l 
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with admissible path {efc(t)}^p 

Under the hypotheses of Theorem^the transform TZy from ^ maps the d-closed residual cur- 
rents on D with support on Vd into holomorphic forms on D*, and induces a linear map on the 
spaces of cohomologies. 

In the proof of Proposition [23] we will use the following two lemmas. 

Lemma 2.6. Let U C CP" be a domain in CP", let {Ua}^^ibe a finite cover ofU, and letV C U 
be a locally complete intersection subvariety in U of pure dimension n—m, locally defined in Ua by 

holomorphic functions jP^ | • Let u be a d-closed residual current with support on V locally 

defined by the differential forms Vt^ G £^'^"'""™^^^(f/a). 
Then for an arbitrary function rj G £c{U) we have 

Vlirn / v{^)dMz) A _J^''[t , . = 0- (23) 



Proof. To prove equality (l23l) we apply the Stokes' formula, and using equality 

771 



k=l 



for i = 1 . . . and Proposition [23] obtain 



Vlim / r]{z)dMz)^ — ^''^^^ 



> Um / -daiz^driiz) A 

t^O Jrp^ i-.N 



^ " dVtJz) 



Elim / 'dJz)riiz) A 



' N \ 
\a=l J 



u 22^°" ■ df] \ = —u [di]) = ±du{ri) = 0. 



□ 



Lemma 2.7. Let D C CP" be a linearly concave domain, let V C D be a locally complete 
intersection subvariety of pure dimension n — m, locally defined in Ua by holomorphic functions 



(a) 



" J 1 

Then for a fixed ^ E D*\Sv and a d-closed residual current u defined locally by the differential 
forms 

Q^^£in,n-m-l) (f;^ y | . ^ g}) 
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the expression 



y lim / d^{z) "7. (24) 

is well defined, doesn 't depend on r, and the following equality holds 

Vlim/" M^) =Vlim/' M^) • (25) 



a=l 



Proof. We fix a sufficiently small /i > and consider for an arbitrary r > such that r < fi a 
family of nonnegative functions r/^ G (-D) such that 



Vu{z) = < 1 if r + z/ < xii, z) < fx, 
[0ifx(e,^) >2/i, 



and such that 77^(2;) = r](z) for 2 with z) > jj,, where 1 > ri{z) > is a fixed smooth function. 
Applying then the Stokes' formula we obtain 



Elim / riyiz^d-daiz) A 



+ y lim / Mz)dVu{z) A ^M^) 

a=l |f(")}^^ llfc=l-^fc \Z) 

^ " Bn (z 

^a{z)Vu{z) A 



+ y lim / 

"=1 ^/fC 



which we transform using Proposition [23] and Lemma [Z6l into 



a=l 



and then further into 

N 



yiim / ■})a{z)dri,y{z) A 

i^O Jt^ (t)n{r-.<x«,2)<r+e} 



Mz)dv{z)A "^"^ 



Elim / 

"=1 -^^JfO 
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for arbitrary small r > 0. 
Considering then the limit of the equality above as z/ — we obtain the equality 



Vlim [ ^^{z) 

a=l "^^;„fc.).lW Ilk 



= y\un[ ^^iz)dr]iz)A ^Mf) . (26) 

The limit in the right-hand side of (|26l) exists according to the following proposition, which is a 
reformulation of item (2) of Theorem 1.7.2 from HCHL 

Proposition 2.8. Let U be a relatively compact domain in C", let 

V = {zeU ■.F^{z) = --- = F^{z) = ^] 

be a complete intersection subvariety in U, let /3 G ^\u) be a differential form with compact 
support in U, and let T^p^{t) be an admissible path. Then the following limit 



lim 



exists. □ 



From the form of the integral in the right-hand side of (1261) we conclude that it doesn't depend on 
the choice of r, and therefore the same is true for the left-hand side of this equality. 
To prove equality (|25l) we change the choice of the family of functions 1],^ to the following: 



if xi^, z) <T-vox ps{z) > u, 

1 if z) > T + u and ps{z) < -z/, 



where ps is the function from Proposition [2]4l 
Applying then the Stokes' formula we obtain the equality 



N^lim / r],y(z)d'daiz) A 



N , or 



+ hm / 



-I- hm / 



14 



and then using Lemma [T6] and Proposition |23] 



N 



— > lim 



a=l 



{fM} 



(t)n{T-u<x{^,z)<T+u} 



N 



VlJz) 



Elim 



a=l 



(t)n{-u<ps{z)<u} 



VlJz) 



Passing to the limit as — )• we obtain equality (|25 



□ 



Proof of Proposition 12.51 Equality (|22l) is an immediate corollary of equality (l25l) . In view 
of (l22l) formula ^ defines a bounded holomorphic function on the intersection of an arbitrary 
compact set in D* with D* \ Sy- Therefore, since Sy is a subset of an analytic set in D*, there 
exists a unique extension of this function to D*. 

To prove that 7^y[0] = for a 9-exact residual current we assume the existence of a 

current ^ G /C"'"~^(D) such that equality 



7 



(0,1) An,n-1) 



is satisfied for an arbitrary 7(°'^) g 
Then, using formula (|22l) and Proposition 12 . 3 1 we obtain 



7^y[</'](0 



(27rz) 



i=o 



TV 

Elim 



z, ■ ^^{z) 



W \i-^)-X{^=rFt\z, 



1 n I N „ 

— — > > lim lim / 



{f(")} 

(t) 



I 



■ ^Jz) 



{i-z)-Y{:=rFlt\z 



\ 
J 



+ 



(2 



1 n ( N „ 

7 7 lim lim / 

' j=0 \^=l ""^{fC-)} 



Zj-d^a{z) 



\ 



'&aiz)r]„(z)- , , 



rf6 



1 " / ^ / 2- 



where 



1 if pi,{z) > u, 
if ps{z) < —v. 
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The equality above allows to define the Radon transform 7^y[0] = for an arbitrary 9-exact 
current with support onV H D. □ 



In the proposition below we prove the inclusion of the images of J-y and TZy in the space of 
solutions in the right-hand side of (fT2l) . 



Proposition 2.9. Radon and Fantappie transforms defined in ^ and (flOl) satisfy the following 
properties: 

Image Ty 

C | / G ■.f = dg with g E H%D*) such that jp^ (^-^^ 9 = 0^ | , 

Image 7^v C {/ g Image ■ f = ^v[lA^ where fx{h) = Ofor^h G (CP", O/I)} . (27) 
Proof. For the Fantappie transform of a linear functional ^ G H^{G, O/Z)' v^e have 

where 

(7(0 = /i(log(e-z)). (28) 

We notice that analytic function log ■ z), and therefore 5f(^), is well defined on D*{z). It is a 
corollary of the contractibility of 

D\z) = {^eD* ■.{^■z) = Q} 

for any z E D under the condition of existence of a continuous family of hyperplanes covering the 
whole D. Namely, as it was proved in UGHL the existence of such family implies the isomorphism 

/7(CP"\P))' ^ H{D*), 

and then the result in |IZl| and the isomorphism above imply the contractibility of D*{z). 
For g defined in (|28l) we have 



which concludes the proof of inclusion for F. 
To prove the inclusion for the image of IZy we consider for an arbitrary residual current cj) ^ 

^(o,n-m-i) ^y^^ ^c^) jj^g analytic functional on H{G) 



/(/.) = 5^ liin / Mz): 



From Proposition 12.31 we obtain that /i'^(/i) = for any h G H^{G,Z), and therefore /^"^ defines a 
functional on H^(G, O/I). From equality (|22)) we obtain equality 

J•y[/] = (2v^^)"^+^7^y[0], 
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which implies the inclusion 

Image TZv C Image 

and equality (fT3l) . 

To conclude the proof of inclusion for the image of TZy we have to prove equality 

/(/i) = (29) 

for an arbitrary h E (CP"', O/I). To prove this equality we assume that in every Ua function 
h is defined in some neighborhood of V DUa and consider a sequence of nonnegative functions 
7]^ G £c{D) approximating the characteristic function of Ds as u ^ 0. Then, applying the Stokes' 
formula in each Ua we obtain the equality 



2_]lim / ■}}a{z)dr]^{z) A 



a=l "^^nTj^^^j ^ it) llk=i Fk (^) 



which is transformed into equality 

N 



h{z)-<l>a{z) 

after application of Lemma [Z6l 
Passing to the limit as — )■ in the equality above we obtain equality (l29l) . □ 



3 Kernels of Tly and Ty- 

In this section we describe the kernels of J-'v and TZy- In the next proposition we prove the triviality 
of the kernel of J-'v- 

Proposition 3.1. For the Fantappie transform defined in (flOl) we have 

&rj'v' = {0}. (30) 

Proof. To prove property (|30l ) we use the linear concavity of D and contractibility of D*(z) 
for every z E D, and obtain as in Proposition 12.91 the connectedness of D*. Then using the 
connectedness of D* and the Cauchy-Fantappie-Leray integral formula on G (see [|Ll) we obtain 
the density of the set of functions 

1 

in H(G), where we used the assumption D D {^o = 0} and changed variables in G to uj = Zj/z^. 
Then from equality J'y [fx] (zo/ ■ z)) = we obtain the equality /i = 0. □ 
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In the proposition below we prove the necessity of the condition on Ker TZy in the statement (i) 
of Theorem [2l 

Proposition 3.2. Let V C CP" be a locally complete intersection subvariety, let D C CP" be 
a linearly concave domain. If a residual current (p G (Vc, cOy) admits an extension to 

CP" as a d-closed residual current supported on V, then TZy [0] = 0. 

Proof. Let e z(°'"-"*-i) (Vd , Wy) be the restriction of a (9-closed residual current on V . Then 
from equality (|25l) in Lemma [277] we obtain 



n I N 



We choose an open domain Ui C G from the cover U^^j^f/^ of G such that 

Ui = {zeG: t{z) < 0} 

for a function r G S{G). Then we consider for a fixed /i > a family of smooth nonnegative 
functions rji, with compact support such that 



As in Lemma [Z6] we have the equality 



if t{z) < — /i — u, or psiz) < —v 

1 if r{z) > —fi + u, and ps{z) > u. 



N 



Elim 



a=l 



Zj ■ ^a{z) 



■dJz)driJz) A - , , 



which, after passing to the limit as z/ — implies the equality 

N 



Elim 



a=l 



Zj -^aiz) 



bDsHT 



{f('»)} 



"^aiz)— , ^ 



N 



Zj ■ $^(2;) 



Choosing the partition of unity such that ■d\ 



{zeC/i: T(2)<-/i} 



1 



( N 

Elim 



/ 

1 

t 

\ 



1 we obtain 



z, ■ 



1 " / 



(31) 
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Then applying the Stokes' formula to the form 

Zj ■ $1(2;) 



on the manifold 



with the boundary 



{z^\J^: r(^) = -/x}nT|^,„^(t), 



and using Proposition l2.3l we obtain 7^y[0] = 0. □ 

Remark. The referee has drawn our attention to the fact that Proposition 13.21 must be valid for 
any current G z'^^'"-^^^^^ (Vd, Wy) admitting an extension to CP" as a 9-closed current. This is 
indeed true and can be reduced to the following statement: 

If a current G (Vd, ^y) C F {D, /C*^"'"~^)) is d-cohomologically equivalent to a d- 

closed form $ G C'^"'"^^^(-D), then Tlv[4>] = where 7^[$] is the standard Radon transform 

of^ defined using the manifold of incidence 



{(e,^)GZ}*xD:(e-z)=0}. 



(See similar statement for a reduced V on p.242 in hHel\l . ) 
Li the next Proposition we prove the sufficiency of the condition in the statement (i) of Theorem|2l 

Proposition 3.3. If a d-closed residual current (p on Vd satisfies T^y [0] = 0, then is the restric- 
tion to Vd of a d-closed residual current on V. 

Proof. Without loss of generality we may assume that the 9-closed forms associated with 
are defined in some linearly concave domain D^s ^ D. We fix u such that 5 > z/ > and extend 
current into CP" by extending the forms $q, by the formula where 



d{z) 



1 if z G -D_^, 
Oif z ^ D_s, 



is a smooth function. Then we consider current ij) defined on G by the formula 

N 



Hf) = Eli- / (32) 



for/G£:e(G'). 
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Using the Stokes' formula, Lemma [T6l and Proposition l2.3l we obtain the following equality 



N 



= -^lini / U^)df{z)A 



z 



Vlim / f(zWz)dMz)A 

N 



«=i 

N 



{f(-)}^ 



i.e. is a current with compact support in G satisfying the condition 

ip = d {^(j)) . 

Considering the extension of to the space of holomorphic functions on G and using the Stokes' 
formula we obtain 

(33) 

for a holomorphic h E H(G). 
Using condition TZy [(f)] = and introducing variables 



Uj = ^ for J = l,...,n, 

^0 



in the neighborhood {zq ^ 0} we obtain the equality 



for arbitrary ^ E D*. 

From the linear concavity of D and contractibility of D*{z) for every z E D, which we pointed 
out above in Proposition [3TT1 we obtain the connectedness of D*. Then again using the connected- 
ness of D* and the Cauchy-Fantappie-Leray integral formula on G (see [jLJ) we obtain the density 
of the set of functions 



1 
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in H{G). Then the equality 

N 



holds for an arbitrary h E H{G), which implies, according to (|33l) . the equality 

^Pih) = y lim / = 0. (34) 



a=l 



From the Serre-Malgrange duality (see [|Mal2L IISl ) one can obtain (see HDGSYL §2, Lemma 2.2) 
that 

(g, o/iy = r, (g, /cr) /d {r, (g, /cr"') } , (35) 

where X is the sheaf of ideals defined by the polynomials {Pi, . . . , P^} and /Cj'' is the sheaf of 
germs of currents 'y^''^^ on G with compact support in V such that for any open subset U C G the 
current 7 satisfies 

l{9-f) = 

for any g e (f/,X) and / G ^i""*''"-^) (f/). 
From equality (|35] ) applied to the current defined in (|32l) using (|34l) , we obtain the existence of 

/3 G r, (^G, /CJ'""^) satisfying 

8(3 = i:, 

and therefore, the current /3 — is an extension of the current </> into G as a 9-closed current. The 
existence of such current is precisely the appropriate modification of the statement of Theorem [2] 
mentioned in the remark to this theorem. Namely, ifm<n — l,\^C-Disa locally complete 
intersection in D, and a ^-closed residual current (p on Vd satisfies 7?.y[0] = 0, then (p admits a 
9-closed extension to a current 7 on CP" satisfying 

l{9-f) = 

for any g e H° {U,I) and / G ^i"-^'"-^) (f/). 

If \^ is a locally complete intersection in CP", then a residual current extension can be found. In 
this case using the partition of unity {'da}a=i rewrite the last equality as 

N 

J] 5(^^/3)=^ 

a=l 

with currents i^aP having compact supports in Ua and satisfying 

{9 ■ /(°'^)) = 

for any g e H'^ {U,X) and /(O'^) G {U). 
Using then the result of Dickenstein-Sessa HDSII motivated by Palamodov llP2ll (see also Theorem 
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3.4 from HDGSYID we obtain the existence in {Ua}^^i of a collection of residual currents 9a with 
compact support in Ua of the form 

BM) = lim / ZMA^, 

where are 9-closed forms of type (n, n — m — 1 ) in some neighborhood of t/o fl V with compact 
support in Ua, such that 

d{^af3-9a)=0. 

Therefore, the current i!)(f)—9 is an extension of current (p into G as a 9-closed residual current. □ 



4 Images of and Tly. 

In this section we complete the proof of Theorem |2] by proving the second part of statement (ii), 
namely the inclusions 

Image -Fy D |/ G H(^'^'\D*) : f = dg with g G such that jp^ (^^^ ^ " °} } ' 

Image 7^y ^ {/ G Image J^v ■ f = -^y where = for V/i G (CP", O/I) } , (36) 

and statement (iii) of this theorem. 
In the proposition below we prove the inclusion above for the image of the Fantappie transform. 

Proposition 4.1. Under the hypotheses of Theorem^for any f = dg E H^^'^^ {D*) with g satisfy- 
ing equations 

Pi iV\ 9 = --- = Pr (^] 9 = 0, (37) 



there exists a linear functional fi G H^{G, O/X)', such that J^v[lA = /• 

Proof. To prove the proposition we use the following version of the Martineau's (see ||Mar2|| ) 
inversion formula from UGHL 

Proposition 4.2. (Generalized Martineau inversion formula. l \Mar2y . hGH^ . ) Let D C CP" be a 

linearly concave domain such that D* C {^o 7^ 0}, and let g G H^{D*) be a holomorphic function 
of homogeneity on D*. 
Let jj,^ be the linear functional on H{G) defined by the formula (see l \Mar2\ \GH\I } 

fi%h)= [ h-Qg, (38) 

JbG^ 

where 

" V 
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and a map r] : bG^ — )■ D* satisfies {rj{z) ■ z) = Ofor z G bG^. 
Then the following equality holds: 

ni^'m = dg{i)^ (39) 

or 

(^1) f d'^g I f Zj\ dg 



for ^ e D*. 



n 



□ 

Using Proposition l4.2l we construct for an arbitrary g G H^{D*) the current ji^ satisfying equality 
(|39l) . To prove that = for any h G H'^{G,X), and that therefore ji^ defines a functional on 

H'^{G, O/X) we use the assumption on g, to obtain the equality 



-1) 



l+degPfc 







(1) 





0. 



Then from the connectedness of D* (see discussion in Proposition 13 .11) . and therefore the density 
of the set of functions 

in the space H^{G), we obtain the equality 

l^'{h ■ Pk) = 7^ / h{z) ■ P,{z) . ^{v{z)P' (viz)) /\d('A=0 (40) 
for an arbitrary h G H^{G). 

□ 

We prove the second inclusion from (l36l) and statement (iii) of Theorem[2]in the following propo- 
sition. 

Proposition 4.3. Under the hypotheses of Theorem^\for any f = dgE (D*) with g satisfy- 

ing equations (l37l) and fi^ constructed in Proposition \4. 1 1 satisfying 

= dg, and n\h) = Ofor \/h G {CP'', O/I) , (41) 

there exists a residual current cp G (Vd, Wy), such that lZy[(j)] = f. 

Such current also exists ifV is connected in the sense that dim H^{V, O/X) = 1. 

Proof. To construct a (9-closed residual current with support on Vd, such that its Radon transform 
coincides with dg, we need an identification described below. 

First we consider the following equality of Hartshome (see PHall . Ch.III, Corollary 7.7, Theorem 
7.1 1), specifying the resuks of Serre [[Si, Grothendieck llGroL Ramis, Ruget, Verdier [[RRl . HRRVH 
for locally complete intersections 

iy° {V, O/X)' ^ H''-'^ {V, uj°y) , (42) 
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where X is the sheaf of germs of ideals corresponding to V, and ojy = ujcpn (g) det N{y)~^ is the 
dualizing sheaf oi V defined earlier in ([5]). 
Using the exactness of the 9-complex of sheaves 

^ o/x ® ucpr^ o/i ® f A ■ ■ ■ 4 o/i ® ^("'"^ ^ 0, 

which follows from the Malgrange's theorem on O-flatness of S (see UMallH . n°25, Th. 2), we 
obtain the equality 



H^-"'{V,u°y) = H^-"'{V,co°y) 

_ {0 e (t/,detAr(V^)-i) : 90 G X ® ^(""+1^ ([/, det Ar(\/)-i)} 

~ {0 G ([/,detiV(V)-i) + X®£("") ([/,detA^(K)-i)} 



(43) 



for a small enough neighborhood U D V. 

On the other hand, for any representative $ G (V, Wy) using the Coleff-Herrera theory we 

can construct a linear functional on {V, O/I) hy the formula 



explicitly defining the isomorphism in (|42l) . 

Continuing then with the construction of the sought current we observe that for an arbitrary fixed 
S > and the analytic functional /i^ on H{Gs) defined in (|38] ) we can use equality (|35l) and 

obtain the existence of a current tp^^^ G Fc ^G^, /Cj " j with support in V fl Gs, coinciding with the 

analytic functional /i^ on H{Gs) defined in (l38l) . Considering current ^"^"^^ as a current on V and 
using equality (l40l) we obtain the existence of a (9-closed differential form 

corresponding to by equality (|42|) and such that 

^(^)(/.)^f:iim/ ^/.(^)^P^ (45) 

by equality (|44l) . 

Using condition (|4T1) for functional //^ and equality (|43l) we obtain that the functional in (l45l) is 
equal to zero, i.e. ij)'^^^ = in H^~"^ (V, ujy). Therefore, there exists an element 

in some neighborhood UofV such that 
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Since ^^^^ has a support in Gs, it follows that the restriction of the form 9'-''^ to Ds is a 9-closed 
form on n D^, and the current 



TV 



nr=i^r(c) 



is a 9-closed closed residual current in Ds with support in fl D^. 
Applying the Radon transform to the current 9^^^ and using equality (|25l) we obtain the equality 



7^v [(27rzr+i • ^^W] = 5^ J^lim 



\ 



j=0 



N 



E> lim 



J 



= E^^'^ ((^) = E-"' ((^) = -^[-"'Ko = (46) 

Using the same arguments as above we construct currents ^'■'^'^ and 6^^'^ for an arbitrary 6' < 5. 
Then, from (|46|) we obtain the equality 



7^ 



V 



(0 = 



for ^ G -D|, and therefore, applying Proposition [3]3] to the current 9^^^ — 6^^'^ on Z^^ we obtain the 
existence of a 9-closed current cu^^^ on V, such that 



5') 



vnDs 



and therefore 

ae(^) = 90(^') = ^(^'). (47) 

The equality above shows that the support of dO^^^ belongs to with arbitrary u > 0, i.e. the 
restriction of the constructed residual current 9^^^ to D is a 9-closed current satisfying (|46|) . 
This completes the proof of the second inclusion in (l36l) . 



To prove statement (iii) of Theorem |2] we notice that if dim if" (CP", O/I) = 1, then using 
equality 



1-Z0 + 0-Z2 + 



— -— ) = (1, 0, . . . , 0) = ^(1, 0, . . . , 0) = 0, 



we obtain that functional is equal to zero on (CP", O/I), and therefore using equality (|43l) 
we obtain that = in if^^™ {V, tUy). The rest of the proof in this case goes exactly as in the 
proof above. □ 
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